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It  it  shown  that  the  omission  of  an  angle-dependent  phase  factor  in  the  scattering  amplitude  constitutes  a 
significant  error  of  'hr  Bom  approximation,  as  customarily  applied  to  electron  diffraction  experiments. 

Some  general  properties  of  the  scattering  amplitude  are  diacusacd  in  relation  to  the  Bom  approximation 
and  used  to  derive  a simple  estimate  of  the  required  phase.  The  theory,  thui  corrected,  is  found  to  remove 
the  need  foi  assuming  rather  distorted  structures  in  some  molecules  containing  heavy  atoms.  The  effect 
discussed  is  present  quite  generally  in  the  interference  of  wave*  scattered  by  differing  potentials  and  becomes 
more  prominent  as  the  particle  energy  is  lowered.  In  the  Appendix  a semlclaseical  procedure  is  used  to  treat 
the  analogous  effect  in  proton  diffraction. 


THE  Bom  approximation  is  well  known  to  predict 
exactly,  in  the  nonrelativist  it  region,  the  intensity 
of  electrons  scattered  by  a Coulomb  field.  Although  still 
a perturbation  method,  it  has  seemed  in  this  case  near'y 
immune  from  the  usually  attendant  inaccuracies  and 
h»s  been  widely  and  successfully  used  m the  analysis  of 
electron  diffraction  patterns.  Confidence  in  the  approxi- 
mation as  ordinarily  applied  to  molecular  structure 
determinations  has  extended  even  to  a number  of  cates 
which  have  seemed  to  reveal  rather  improbable  jtru<  - 
tures.  On  re-examining  several  of  these  (which  are 
briefly  noted  in  Sec.  I),  we  have  found  that  t phase 
change,  heretofore  neglected,  which  takes  place  on 
scattering  is  the  probable  cause  of  the  anomalies.1  It 
may,  in  extreme  cases,  lead  to  strikingly  altered  con- 
clurions  about  molecular  structure.  Tne  error  b one 
characteristic  oi  the  Bom  approximation  and  appears 
whenever  it  is  applied  to  the  interference  of  waves 
scattered  by  potentials  of  different  strengths,  The  phsse 
shift  in  question,  which  depends  significantly  on  the 
effects  of  screening,  is  calculated  approximately  in  Sec. 
II,  and  the  results  are  then  compared  with  experiment. 

L NATURE  OF  THE  EFFECT 

The  diffraction  patterns  of  electrons  scattered  by 
gases  coasbt  of  weak  concentric  rings  superposed  on  the 
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intense  forward  maximum  of  Coulomb  scattering 
(modified  by  screening).  Fourier  analysis  of  the  ring 
structure  gives  the  distances  between  the  scattering 
centers  of  the  molecule.  In  some  molecules  containing 
heavy  atoms  a curious  effect  involving  these  distances 
has  been  found.  Uranium  hexafluoride,  in  which  the 
effect  was  first  noted,  might  be  expected  to  show  octa- 
hedral symmetry  about  the  uranium  atom.  The  mole- 
cule has  instead  appeared  rather  puzzlingly  asymmetric: 
the  calculated  curves  showing  the  distribution  of  inter- 
atomic dbtances*  have  two  distinctly  separated  peaks 
at  1.87A  and  2.17A  rather  than  a single  one  corre- 
sponding to  s unique  U—F  bond  length.  Information 
from  other  sources,  however,  in  no  way  confirms  this 
picture.  The  data  on  infrared  spectra,  molecular 
entropy,  and  the  dipole  moment  are  all  consistent  with 
the  symmetrica!  structure.*  Similar  apparent  asym- 
metries have  also  been  found  to  occur  in  a number  of 
other  molecules  of  the  form  MW,  containing  single 
heavy  atoms.  The  distances  between  the  heavy  atom 
and  its  neighbors  are  apparenJy  rplit  into  two  equal 
group?  ri iff-- ring  by  an  amount  roughly  proportional  to 
Zm—Zx-  For  equal  atomic  numbers  as  in  the  heavy 
molecule  1>,  nothing  unusual  is  observed. 

We  shall  not  dwell  upon  the  valence-theoreti-'il 
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attempts  which  have  been  made  lo  explain  these 
results  The  smoothness  of  the  ilqx'ndcn  e nr.  nuclear 
charges  indicates  an  inadequacy  of  the  scanning 
theory  rather  than  any  actual  effects  of  chemical 
bo, .ding.  In  demonstrating  this  we  shall  show  that  the 
molecules  in  question  arc  in  fad  as  accurately  sym- 
metrical as  the  present  diffraction  techniques  may 
discern. 

Of  the  various  inaccuracies  implicit  in  the  conven- 
tional calculation:,  the  most  obvious,  perhaps,  is  the 
esc  of  the  Born  approximation  for  the  atomic  scattering 
amplitudes.  Other  points  more  specifically  molecular 
in  natuic  are  the  neglect  of  multiple  scattering  (by  the 
different  atoms)  and  of  valence  distortion  of  the  charge 
distribution.  A strong  de|iendencc  on  the  difference  of 
atomic  nu“Lvi  a cannot,  however,  be  produced  by  either 
of  the  latter  two  effects,  whereas  interference  between 
coriectious  to  the  atomic  scattering  amplitudes  may 
easily  do  so.  For  this  reason  we  assume  that  the  wave 
scattered  bv  a molec’jle  may  still  be  represented  by  a 
superposition  of  waves  /,(k',  k)e tt,/r  scattered  by  the 
individual  atoms  (j  — I,  2,  3,  • • •)  from  the  direction  k 
to  the  direction  k'. 

The  amplitudes  /,( k',  k)  may  V shown  quite  gener- 
ally (see  Sec.  II)  to  be  complex  functions  of  the  scat- 
tering angle.  It  is  characteristic  of  the  Bom  approxi- 
mation, however,  that  these  amplitudes,  given  by  the 
familiar  matrix  clement, 

/a( k'.k) — f «<»-»•>  'Ffr)rfr,  (1) 

2 rh*  J 

are  always  real  for  atomic  scattering  potentials  F(r) 
(or  more  generally,  for  any  potential  unchanged  by 
inversion  in  the  origin).  An  example  close  at  hand  is 
scattering  by  a pure  Coulomb  field,  for  which  the 
expression  (1)  predicts  exactly  the  absolute  value  of 
the  scattered  amplitude  but  omits  at  the  same  time  a 
phase  facto,  sensitively  dependent  on  the  angle  of 
scattering.4  Abbreviating  the  amplitudes  for  the 
moment,  as  fj(6),  we  take  explicit  account  of  their 
phases  by  writing  them  as  |y/0)|  exp(fij;(0)).  The 
intensity  of  the  scattered  electrons  averaged  over  the 
random  orientation:  of  the  gas  moWnles  is  then 
proportional  to 

simr</ 
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Xcos{if,(0)  — *(•)} , (2) 
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where  s—  |k—  k'|  —(4r  'X)  sin(0/2),  and  rtl  is  the 
distance  between  atoms  « and  j. 

To  see  the  way  the  phase  »j (6)  may  explain  the 
apparent  asymmetry,  let  us  suppose  the  amplitudes 

• For  the  eimct  solution  see  N.  F.  Mott  snd  H S.  W.  Master’, 
Titter y of  .Uomk  CalUsum'  (Oxford  ttnivorjiiy  Proas,  Loodoo, 
1949|,  aecood  edition,  p 48 


(.(9)  arc  real.  Then  .lie  sum  uf  the  terms  contributed 
l>\  a split  pair  of  distant  c sr„-r4  — 4 and  r,  = r0+A  w-ith 
similar  atoms  ; and  would  be  approximately 

2)  (,(0)l  i / (0)|  cosdi  sinrr0/5r0.  (3) 

(The  amplitude  difference,  of  order  6/r<>,  is  neglected.) 

Tim  expression  is  of  just  the  form  that  would  i>c 
given  by  (2)  if  the  phase  difference  ; 1,(0)  — »?,(0)|  were 
proportional  to  s,  and  if  no  distance  sp'ittings  at  all 
existed.  The  scattering  angle  at  which  the  amplitude  ol 
the  wave  corresi>onding  to  (3)  first  changes  sign  (and 
vanishes)  is  given  by  *?■(#)  — >7.(0) , *=  ir/2.  In  practice 
it  is  the  behavior  of  the  diffraction  pattern  in  the 
neighborhood  ol  this  critical  angle  that  has  been 
principally  responsible  for  the  interpretation  in  terms  of 
beating  riue  waves  end  its  implied  molecular  asym- 
metry It  is  hoped  that  in  future  experiments  the  very 
faint  cuter  fringes  of  the  diffraction  pattern  may  be 
observed  at  scattering  angles  sufficiently  large  to 
include  the  second  critical  angle  |t|,(0)  — 1},.(0)|  =3x72. 
c.ince  these  data  are  lacking,  the  correct  prediction  of 
the  scattering  angle  for  which  the  phase  difference  is 
r/2  is  tiie  only  quantitative  test  now  available. 

Moderate  deviations  of  the  phase  shift  from  linearity 
in  s on  either  side  of  the  single  critical  angle  observe'! 
wiil  not  very  noticeably  change  the  character  of  the 
predated  pattern.  Indeed  the  desire  that  ji>,(0)  — n,(6)t 
be  linear  in  s comes  from  comparison  with  the  asym- 
metric model,  whose  lit  to  the  experimental  diffraction 
(jattem,  although  good,  is  not  beyond  improvement. 
The  theoretically  predicted  phase  differences  (see  Sec. 
II)  which  arc  monotonicaliy  increasing  functions  of  x 
(but  not  pro|jortional  io  s)  appear  in  fact  to  fit  the 
observed  patterns  more  satisfactorily  than  the  asym- 
metric model.1 

n.  THEORY 

before  specializing  to  the  atomic  case,  it  will  be  useful 
to  discuss  several  quite  general  properties  of  scattering 
amplitudes.  Let  us  suppose  Mr),  M(r)  and  f »-(r) 
are  solutions  of  the  Schrddinger  equation  for  equal 
energies  arising  from  initial  plane  waves  in  the  direc- 
tions k,  k',  and  — k',  respectively.  They  then  obey  the 
relations 

(4a) 

¥o,’*VVx-*x?Vv*-0,  (4b) 

which,  integrated  over  the  volume  of  a sphere  sur- 
rounding the  scatterer,  are  immediately  expressed  as 
the  surface  integrals 

d a \ 

Ms — tfx-  ttk — )dS= 0,  (5a) 

dr  dr  / 

a a \ 

MW.-M-M*  ldS— 0,  (5b) 

dr  dr  / 

4 C.  FeLeaMd  acd  J.  Iber , private  communication. 
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with  JS  31;  element  of  surface,  ’(  ihc  radius  of  '.ha 
splicrc  is  made  sufficiently  large,  the  wave  functions 
assume  their  i^.upioti'  values  on  ilic  surface  We 
may  tnesi  substitute 

^*(r)  = ex|i(ik- r)  + /(k„  k)  c>:p(iFr)  r 

(wlicre  k,  is  a propagation  vector  in  ’.lie  direction  r, 
j kr  | =■*£)  together  with  the  analogous  expressions  for 
the  other  wave  func.ions.  The  asymptotic  values  cl  the 
surface  integrals  for  large  sphere  radii  arc  then  easily 
found  and  furnish  two  im|xirtant  relations  involving 
the  scattering  amplitude.  The  first  of  these,  coming 
from  (5h),  is 

/(k',k)-/(-k.  -k‘).  (6) 

which  expresses  the  reversibility  of  the  scattering 
between  any  |»ir  of  directions,  From  (5h)  wc  find  the 
relation 

1 k r 

— {/(k'.  k)-/*(k,  k'JJ  * — f*(k",  k')/i,it",  k 

2 i 4r  J 


in  which  the  vector  k"  on  the  right  is  integrated  over 
the  sphere  lk"|  **k.  For  the  particular  case  k'-k,  Eqs. 
(4b)  and  (5b)  express  the  conservation  oi  the  particle 
current.  Equation  (7)  then  reduces  to 

Im/(k,  k;“(k/4r)<r  (8) 

(where  a ia  the  total  scattering  cross  section),  a relation 
which  illustrates  how  fundamental  is  the  requirement 
that  the  amplitude  of  the  scattered  wave  be  complex 
rather  than  real. 

The  more  general  form  of  Eq.  (7)  may  be  simplified 
by  assuming  that  the  scattciing  potential  has  inversion 
symmetry  F(r)- F(  — t).  Nothing  then  is  changed  by 
inverting  all  vectors  in  the  origin,  and  it  follows,  ii: 
particular,  that  /( k',  k)«  /(  — k',  — k).  The  latter  rela- 
tion together  with  the  principle  of  reversibility  (6) 
shows  that  the  scattering  amplitude  ir.  symmetric: 

/(k',k}-/(k,k').  (9) 

Equation  (7),  under  our  assumption,  then  reduces  to 

k )=~  f /*vV,  k")/(k",  k)JSV,  (10) 

4ir  J 

a relation  we  shall  have  frequent  occasion  to  apply. 

The  reason  for  the  inadequacy  of  the  Born  approxi- 
mation (i.c.,  the  first  term  of  a power  series  expansion 
in  a——  Ze?/hv)  in  the  present  context  is  easily  seen 
from  (10).  For  /( k'  k)«0(  /)  we  huve  Fm/(k',  k) 
-Ofa3),  from  which  it  follows  that  the  phase  increases 
with  a,  *)(k',  k)-arg/(k',  k)-O(cr).  Clearly  (hen  wc 
must  either  go  beyond  the  first  term  of  the  scries  or 
employ  a fundamentally  more  accurate  formulation  of 
the  scattering  problem.  In  the  present  work  wc  shall 
use  some  assumptions  based  on  our  cx|>eriencc*  with 


Coulomb  scattering  to  simplify  the  higher  t<  rms  of  the 
Born  seri  .,  then  by  avoiding  a good  deal  of  innneri-  ul 
work  Imt  allowing  still  a reasonable  comparison  wiih 
experiment.  We  shall  leave  to  a later  treatment  the 
refmcincn:*  introduced  by  basically  different  and  more 
accurate  procedure  for  approximating  the  scattering 
amplitude,  calculations  for  which  are  no\.  in  pi '.gross. 

At  the  energies  at  which  diiTraction  experiments  are 
IHrforn.ed  (•-*-40  k t»),  electron  wavelengths  are  sub- 
stantially smailcr  than  the  atomic  radius  <s,  (£<i~!0  to 
20).  l-'or  all  save  small  angles  (0~1.<  iu),  therefore,  the 
intensity  of  scattering  is  negligibly  affected  by  the 
screening  oi  atomic  fields.  l or  these  angles  the  Ruther- 
ford formula  and.  hence,  the  Born  approximation 
intensities  arc  nearly  exact.  At  smaller  angles  the 
effects  of  screening  are  |>artiallv  accounted  for  by  the 
structure  factor  implicit  in  (1).  We  shall  assume  for 
simplicity  that  the  Born  approximation  (1)  represents 
the  absolute  value  of  the  scattering  amplitude  at  all 
angles.  The  '-H«rariari«tir  features  of  lhe  simpler  de- 
traction patterns  arc  in  any  case  quite  insensitive  to  the 
over-all  atomic  scattering  intensities. 

The  difference  Irctwecn  screened  and  unscreened 
Coulomb  fields  becomes  [urticoiarly  important  for  the 
phase  of  the  scattering  amplitude.  For  the  unscreened 
field  the  phase  of  the  exact  solution4  contains  principally 
the  coordinate-dependent  term  — a iog{£r(l  — cosfl)  J, 
wnich  increases  indefinitely  with  r,  lhe  distance  frem 
the  scattercr.  This  is,  of  course,  a property  |jer.iiinr  lo 
the  slow  decrease  of  the  Coulomb  potential  and  is  absent 
for  screened  fields.  A simple  estimate  of  the  phase  in 
'he  screened  case  may  be  obtained  by  substituting  the 
Born  approximation  amplitude  /.-»( k',  k)  on  the  right 
side  of  (10)  und  equating  both  sides  to  order  o’.  Wc 
obtain 

k r 

i(k',  k)« /»(k'.  k")/*(k-',  k)rfiV.  (11) 

4*7«(k\  k)  J 

an  expression  which  is  equivalent  to  the  second  Born 
approximation. 

To  evaluate  the  phase,  wc  chose  as  an  analytically 
convenient  model  of  the  screened  field  the  ex|w>nential 
form 

F(r)--ZeV'*/r.  (12) 

for  which  the  Born  approximation  amplitude  is 

/a(k'.  k)-  — 2a*aV(lk'— k|V-|-l).  (1.1) 

The  angular  integration  cf  (11)  is  not  difficult  to 
perform,  and  the  resulting  phase,  as  a function  oi  the 
scattering  angle  8,  is 

—2n(  1+ tanlr'/f,  (14) 

V 44V  sin*(0/2;  / 

with 

>in(0/2) 

A-- . (15) 

u(l  + (l  2*:aI))3-cos>/2]< 
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Since  2AV»1  these  expressions  may  he  reduced  to 
H-r'a1  sa 

n(8}^  --2c. taulr  ' . (16) 

in  which  wc  have  once  again  used  the  notation 
j*  | k’  — h1  =2 k sin(ff/2). 

A graph  of  !ij(0)/a|  according  to  F.q.  (16)  is  given  in 
fig.  1.  for  the  forward  direction,  the  value  ij(0)«  — a/2 
is  quite  insensitive  to  the  screening  radius.  Tor  large 
angles  the  phase  is  asymptotically 

ij(9)~—  2a  log(2*a  sin0/2),  (17) 

the  value  of  which  may  in  practice  be  appreciable,  even 
for  the  lighter  elements. 

The  validity  of  the  exprev.on  (16)  for  the  phrsc,  at 
least  for  large  angles,  is  somewhat  stronger  than  its 
derivation  by  the  piesent  perturbation  procedure  might 
imply.  This  may  be  seen  by  exploiting  the  similarity  of 
the  large  angle  scattering  by  screened  and  unscreened 
Coulomb  fields.'  In  particular  the  dependence  of  the 
asymptotic  phase  (17)  on  8 is  the  same  (apart  from  an 
additive  constant)  as  that  of  the  exact  Coulomb  phase, 
a fact  which  implies  correctly  that  for  angles  fl»l/io 
the  scattering  amplitudes  for  the  screened  and  un- 
>creened  fields  differ  only  by  a phase  factor,  inde- 
pendent of  angle.’ 

In  undertaking  comparisons  with  experimental  results 
we  shall  assume  that  the  estimate  of  the  phase  given 
by  (16)  is  sufficiently  accurate  to  be  used  directly*  in 


• It  may  alto  l»e  teen  from  the  work  of  R.  Dtliu  [Proe.  Roy. 
boc.  (London)  A2v*.  sow  tivsi  il  who  h»*iltrlv<*l  thexxvinptooc 
form  (17)  sod  ihown  that  It*  occurrence  «x  a phase  is  continent 
with  the  third  Bom  approximation  at  well  m the  second 
’This  behavior  U Implicitly  made  ute  of  In  computing  the 
Coulomb  tcatterint  of  identical  particles  when  one  of  them  it 
screened  (e.g.,  p-t  scattering).  The  constant  phase  factor  by 
which  the  Coulomb  snd  correctly  screened  solutions  differ  Is  not 
observed.  For  other  potentials  the  Interference  effect  Invoiced  in 
the  scattering  of  similar  particles  will  alto  require  a knowledge 
of  the  angle -aependeiil  part  of  the  phase,  omitted  in  the  first  Bom 
approximation. 

•Our  procedure  here  tcOuUy  goes  leyond  the  second  Bom 
approximation,  which,  strictly  speaking,  would  only  con*ider  the 
terms  of  (2)  to  order  a1,  and  would  thereby  eliminate  the  con- 
tribution of  the  phase  entirely. 


the  formalism  of  Sec.  I.  The  accuracy  of  'his  method  is 
difficult  to  estimate  without  ]>erforniing  numerically 
more  involved  calculations.  We  may  mention,  however, 
that  the  preliminary  results  obtained  using  u more 
accurate  method  (based  on  the  smallness  of  n'ko 
lather  than  o)  arc  favorable.  They  indicate  that  the 
accuracy  of  (16)  for  o~l  is  roughly  commensurate  with 
that  of  the  screening  model  (12). 

III.  COMPARISON  WITH  EXPERIMENT 

While  the  phase  shift  we  have  discussed  will  modulate 
the  intensities  oi  the  diffraction  patterns  of  all  heter- 
alomic  molecules,  its  effect  is  most  strongly  felt  when 
large  differences  in  the  nuclear  chaigcs  prevail.  In  such 
cases  the  attempt  to  account  in  the  conventional  way 
for  the  observ  ed  modulation  has  led,  as  we  have  already 
noted  in  Sec.  I,  to  the  assumption  of  curiously  unsytn- 
metrical  molecular  s'p,rturcs.  For  a proper  interpre- 
tation in  the  light  of  the  present  work,  the  diffraction 
datu  for  each  of  the  molecules  in  question  will  eventually 
require  detailed  rc-analysis.  A simple  way,  however,  of 
checking  the  corrected  theory  is  t*>  show  the  way  in 
which  the  treatment  based  on  symmetrical  models  with 
phase  shift?  is  able  to  duplicate  the  numerical  results 
previously  arrived  at  for  the  apparent  asymmetries.  To 
do  this  we  note  by  comparing  (2)  and  (3)  the  approxi- 
mate relation 

(18) 

in  which  r.,»  is  the  value  of  2k  sin(0/2)  for  which  the 
phase  difference  is  r/2.  An  approximate  value  of  the 
screening  distance,  adequate  for  the  calculation  is 
a«*0.528£‘*A.  The  predicted  apparent  “splits"  ( 28 ) 
that  resuit  are  listed  in  Table  I along  with  the  cor- 
responding experimental  values.  Their  agreement,  it 
may  be  seen,  is  quite  close.  It  follow*  that  for  these 
molecules  the  diffraction  patterns  predicted  by  the 
present  formulation  will  be  in  good  agreement  with 
those  observed.  The  intensity  curve  calculated  for  UFi 
at  40  kev  seems  to  show  even  better  agreement  than  the 
previous  work  for  the  central  and  outer  parts  of  the 
pattern.1  This  is  a consequence  of  the  deviation  of  the 
phases  from  proportionality  to  s. 

A large  number  of  electron  diffraction  studies  of 
molecules  containing  heavy  atoms  are  on  record  in 
which  nothing  anomalous  was  observed,  a ciriumstancc 
which  no  doubt  helped  delay  the  recognition  of  the 
phase  chiitx.  it  i»  imnortant,  therefore,  to  remark  that 
in  all  the  adequately  reported  cases,  the  pattern  wa« 
observed  only  at  angles  at  which  the  pnase  difference 
is  less  than  the  critical  value  r/2. 

The  phase  given  by  Kq.  (16)  is  increased  bv  lowering 
the  electron  energy,  and  its  modulation  of  the  diffi  action 
pattern  varies  more  rapidly  with  s.  The  resulting  energy 
dependence  of  the  pattern  is  a featu.e  absent  from  any 
treatment  based  on  the  first  Born  approximation.  Some 
photographs  of  UF«,  taken  it  10  kev  do  indeed  show 
changes  in  the  direction  predicted,*  and  •.>•’!!  he  analyzed 


